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Abstract: This article describes the features of determining strain curves in true stress—true strain coordinates, using samples of circular
cross section from Al—Cu—Mg—Zn aluminum alloy. The calculation and experimental methods of determining true stresses and strains were
compared. Calculation methods based on the condition of volume constancy may not reflect actual regularities of deformation at the stage of
strain localization in the considered material. Nevertheless, the use of systems of digital image correlation (DIC) allows measurements of both
the geometrical sizes of deformed sample and strain fields on its surface to be performed, including on the sample neck. It was demonstrated
that the measurement error of the sample diameter by the coordinate field was 0.02 mm at the instance of destruction. In order to improve the
measurement precision, an increase in the recording frequency in proportion to increase in strain rate was proposed, as well as measuring the
surface coordinates from both sides of the sample. It is also possible to supplement the strain curves obtained by DIC optical systems with the
measurements of true fracture stress, and the true fracture strain determined by calculations on the destructed sample. The presented methods
of analysis of plastic flow by direct measurement of field displacements and strains allow actual regularities between true stresses and strains at
the interval of irregular plastic strain to be established. This cannot be achieved by analytical conversion of conventional curve. The obtained
hardening coefficients and strain curves can be used for simulation and design of machinery structures and parts.
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9KCMEPUMEHTAIBHBIX METOOB OINpee]eHUsI ICTUHHBIX HaNpsikKeHU 1 nedopmauuii. PacueTHble METOABI, OCHOBaHHbIE HA TPUMEHEHU U
YCJIOBUSI TIOCTOSTHCTBA 00beMa, MOTYT He OTPaXKaTh NeCTBUTEIbHBIX 3aKOHOMepPHOCTel nehOpMUpPOBaHUSI Ha dTalle JJoKaau3auu aedop-
MalllK B Matepua’ie UCCcieqyeMoro oopasiia, B TO BpeMsi Kak MCIOIb30BaHKe CUCTEM Koppesiini b possix nodpaxeruit (KL[1) mo3so-
JISIET IPOBOAMTH U3MEPEHHUSI KaK FeOMETPUUYECKUX Pa3MepoB jaedopMupyeMoro obpasiia, Tak u mnoJieii nedopMalinii Ha ero MOBEPXHOCTH,
B TOM YHCJIe HEMOCPEICTBEHHO B IIeiike oopasiia. [TokasaHo, 4To omrmbka u3MepeHus auamMerpa obpasia 1o Mmoo KOOPAUHAT B MOMEHT
paspymeHust coctasuia 0,02 MM. C 1IeJTbIO MTOBBITLIEH U] TOYHOCTU U3MEPEHM ST ITPENJIOKEHO yBeJIMUEHNE YACTOTHI CheMKH ITPOITOPIIMOHATBEHO
BO3pACTAaHUIO CKOPOCTH Ae(hOPMUPOBAHUS, & TAKKE MIPOBEACHUE U3MEPEHU ST KOOPAMHAT MIOBEPXHOCTH C ABYX CTOPOH 06pa3iia. Takke BO3-
MOKHO JOTIOJHSITh MOJNyYeHHbIe C MoMoIibio onTrudeckux cuctem KLU kpuBbie nedopMupoBaHus pe3yibraTaMyu U3MEPEHUsT UCTMHHOTO
pa3pyLIaloLIero HapsIKeH ST M MICTUHHOM pa3pyliatolieii recdopmalivei, orpeaeaeHHbIMU pacieTHBIM CIIOCOOOM 110 pa3pylieHHOMY 00pa3-
1y. [IpencraBieHHbIE CTIOCOOBI UCCIIEAOBAHMSI TIJIACTMYECKOTO TeUCHU ST MaTepraia HeMoCcpeICTBEHHBIM U3MEPEHMEM TI0JIe TepeMeIieH it
u nedopMannii MO3BOJISIIOT YCTAHABIUBATH ECTBUTEIbHBIE 3aKOHOMEPHOCTH MEXIY UCTUHHBIMU HATIPSIKEHUSIMU U IehOpMaLMsIMU Ha
y4acTKe HepaBHOMEPHOTO IJIACTUYECKOro Ae(OpMUPOBAHM S, YETO TOCTUYb AHATUTHUUECKUM MEPECUETOM YCIOBHOI TUarpaMMbl HEBO3ZMOX-
Ho. [TosryyeHHBIe KO3 GOULIMEHTHI YIIPOUYEHUSI M KPUBBIE 1e(hOPMIPOBAHUSI MOTYT OBITh UCITOJIb30BaHbI IPU MOJIEJIMPOBAHUU U IIPOEKTHPO-
BaHUU KOHCTPYKIIU U leTaIeil MalTuH.

KuxioueBbie cioBa: MCTUHHOE HaNpsiKeHUWeE, MCTUHHAS Jedopmalus, niactTuueckas aedopmanus, noje aedpopmaiuu, Koppensius uud-
POBBIX U300paXkeH M, 1eOpMaIMOHHOE YITPOYHEHHE.

Jlng uutupoBanusa: Monaxos A 1., I'ynsieB M.M., I'manbimeBa H.E., Konrenbuesa O.10., Asraes B.B., fIkosnes H.O., 'ynuna U.B. [1pu-
MEHEHME MeToa KOppeasiiuu LHU(GPOBbIX U300paxXeHU ISl MOCTPOEHUS nuarpaMm aeopMUpOBaHUSI B UCTUHHBIX KOOpAMHATaX.
Hszeecmus 8y306. Lleemnas memannypeus. 2023;29(3):79—88.
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Introduction

Machinery structures and parts should be designed
with consideration for provision of their safe opera-
tion. Permissible operation stresses are determined by
criteria of ultimate stress state [1; 2]. This in their turn
are compared with the results obtained upon uniaxial
strain [3—6]. Standard tension or compression state
allow strain curve in stress—strain coordinates to be
established (curve I in Fig. 1) [7]. Stress strain curves
can also be referred to as conditional, since the sur-
face area of transversal cross section and strain meas-
urement base are assumed to be constant throughput
the test. In order to establish true regularities between
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Fig. 1. Conditional (1) and true (2) strain curves

Puc. 1. YcnosHas (1) v uctTuHHast (2) nuarpamMmMbl
neopMUpoOBaHUS
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stress and strain [8], as well as during simulation of
plasticity problems by finite element method [9; 10],
true stresses and true strains (curve 2 in Fig. 1) need
to be applied in operations. These are calculated by
correlating the load and the absolute elongation of the
sample to the actual area of true surface area of trans-
versal cross section and the length of working part,
respectively.

The development of computation devices has al-
lowed the regularities of material flow to be studied
not only by analytical methods [8; 11], but also by di-
rect measurements of displacements, strains or geom-
etry of the object in the region of local stability loss.
This work considers the use of optical contactless ten-
sometry systems in determining strain curves in true
coordinates. The calculations of true stresses by ana-
lytical and experimental methods of direct recording
of strain and surface area of transversal cross section
in the region of plastic flow were compared for iso-
tropic materials.

Calculation method
of determination of strain curves
in true coordinates

Three characteristic segments in conditional strain
curve of plastic material can be highlighted. The seg-
ment of elastic plastic strain (region A4 in Fig. 1) is cha-
racterized by an insignificant difference in the con-
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ditional and true curves due to moderate strains. The
hardening segment (region B in Fig. 1) is characterized
by a monotonous increase in stress both in true and in
conditional coordinates, due to a the limitation of ul-
timate strength (c,). In the segment of localization of
plastic strain (region C in Fig. 1) neck formation can be
observed. This can be seen in the transfer from uniform
strain, acting along the entire length of working part,
to a localized one resulting in load drop upon strain
growth. The region of neck formation is also charac-
terized by the transfer from a uniaxial (simple) stressed
state to complex stress strain state. This exerts signifi-
cant influence on strain [12; 13].

Using the calculation method, the surface area of
transversal cross section during test for the segments of
elastic plastic strain and hardening can be determined
from the condition of volume constancy [11]:

Fydz = F(1 + ¢)dz, (M

where £ is the surface area of transversal cross section at
initial test time; Fis the surface area of transversal cross
section during strain; € is the relative strain; dz is the ab-
solute change of length during strain.

The surface area of transversal cross section can be
expressed using Eq. (1):

F=Fy/(1 +¢). 2

True stresses upon uniform strain equal to the ra-
tio of load upon strain to the surface area of transversal
cross section can be determined by Eq. (2):

s=P/F=0o(l +¢), 3)

where s is the true stress; P is the load during strain; ¢ is
the conditional stress.

True strains can be determined as the ratio of ab-
solute elongation to total length of canulated zone

[1]:

¢ =J1,dij/i=1n(l/l) = In(1 +¢), @)

where @ is the true strain; / is the total length of calcula-
ted zone; /; is the initial length of working zone.

The strain curve in true coordinates for uniform
strain is plotted by Egs. (3), (4). True fracture strain and
true fracture stress are applied to the strain curve and
calculated as follows [11; 12]:

sp=0;/ (1 —v), ®)

where s; are the true fracture stresses; o, are the condi-
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Fig. 2. Schematic strain curve in true coordinates obtained
by calculations

Puc. 2. CxematuyHast nuarpaMmma neopMrupOBaHUS
B UCTUHHBIX KOOPAWHATAX, MIOJyYeHHAasT PACUETHBIM
cnocobom

tional stresses upon rupture;  is the relative reduction of
area after rupture;

¢;=1In(1 — )7, (6)

where @ is the true fracture strain.

The calculation method of plotting strain curves
in true coordinates (Fig. 2) does not require special
equipment, and can be characterized by its simplicity.
However, the curve may not reflect actual regulari-
ties of strain at the segment of localization of plastic
strain. This method is recommended for brittle ma-
terials.

Determining strain curves
in true coordinates
using strain fields

Observation of the fields of strains and displace-
ments allows the true stresses and strains for all strain
segments to be calculated. Several methods are availa-
ble to determine the fields of strains and displacements
[14; 15]. For reasons of precision [16] and simplicity,
the method of digital image correlation (DIC) was se-
lected.

The DIC method is based on video recording the
sample during the test and alternate comparison of
frames before and after strain, The aim was to de-
termine displacements of uniformly subdivided field
segments (subregions). A chaotic spotted structure
(speckle pattern) is applied beforehand onto a sam-
ple so that each sub-region differs from the others.
The fields of displacements and strains are calcula-
ted using the displacement of sub-regions. Two ca-
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meras allow the position of points to be determined
and their displacement in three coordinates to be
calculated.

The DIC systems allow local strain fields to be formed
over the entire analyzed surface, including the neck zone,
while extensometers perform measurements between
two predefined points. Thus, the strain determined by
extensometers at the segment of neck formation is the
arithmetic mean between localized and uniform plastic
strain according to measurements. A uniform or loca-
lized deformation cannot be distinguished from a gene-
ral deformation.

Substituting the mean arithmetic value of longitudi-
nal strain (g};") along the transversal section of sample
neck (Fig. 3) into Egs. (3) and (4) in place of the relative
strain (€), we can obtain equations for determining true
stresses and strains along longitudinal component of
strain tensor for any strain stage [17]:

s=o(l + e;“yax , 7)
¢ = In(1 + ™). ®)

This method allows analysis at all strain stages to
be performed. However, Egs. (7) and (8) were derived
assuming the volume constancy for isotropic materials.
Therefore, the possibility of applying these interrelations
for orthotropic and anisotropic materials should be stu-
died in more detail.

When observing the positions of sub-regions in the
calculation of the fields of displacements and strains,
the sample diameter at any time of tests along the en-
tire length of the considered region can be measured.
A circle was inscribed using the least square method
into the coordinates of transversal section in the plane
of the maximum reduction of sample area. The sam-
ple diameter in the course of strain was determined
by Eq. (9):

d;=2[(x—a + (y = )12, ©)
where x, y are the coordinates of circumference point
along the respective axes; a, b are the coordinates of cir-
cumference center along the axes X, Y, respectively.

Experimental

Strain curves in true coordinates were determined
on a sample of circle cross section from aluminum
alloy Al—Cu—Mg—Zn. The sample diameter was
5.92 mm, and the length of working part: 30 mm.
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Fig. 3. Field of longitudinal component
of strain tensor €,

Puc. 3. INosie mpomgoibHOM KOMIIOHEHTHI
TeH30pa AeopMalni g,

The tests were carried out using an electromechanical
test machine with a rated load of 100 kN at constant
speed of active clamp, equal to 2 mm/min. Through-
out the test, the longitudinal strain (¢) was recorded
using a contactless extensometer. The strain fields
were determined using a DIC system comprising of
two cameras with a resolution of 3 megapixels, pro-
viding a pixel density of 31 dot/mm. The subregion
step was 8 dots, and the subregion size: 25x25 dots.
The recording frequency was 5 Hz. The physicome-
chanical properties determined by conditional strain
curve (Fig. 4) are summarized in Table 1, the relative
elongation (95) and the relative reduction of area (y)
were determined in accordance with the State stan-
dard GOST 1497-84.

In Fig. 5, numbers 7/ and 2 denote the coordinates of
points of section in initial state and preceding the sam-
ple destruction, respectively. The diameter of inscribed
circle for a sample before strain (line /7 in Fig. 5) was
equal to 5.92 mm, and for a sample before destruction
(2in Fig. 5) to 5.24 mm.

The actual sample diameter after rupture was
assumed to be higher than that measured along in-
scribed circle by the elastic constituent of €. It was
also assumed to be equal to 5.25 mm, since during
measuring of diameter the sample was still in stressed
state. However, the actual sample diameter after rup-
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Table 1. Physicomechanical properties

Ta6auma 1. ®u3nko-MexaHMYECKUE XapaKTePUCTUKHU UCClIeayeMOoro obpasiia

Poisson Elasticity Yield Ultimate tensile Rupture Relative Relau.ve
: . reduction
ratio modulus stress strength stress elongation of area
il E, GPa Gy 2, MPa G,, MPa G, MPa 35, % v, %
b , %
0.32 72 600 640 593 10.0 20.0
0 Stress, MPa Z, mm
600 - 54
1
500+
4 -
400
300 34
200
2 -
100
O T T T T T T T T 1 7
1 2 3 4 5 6 7 8 9
Strain, %
Fig. 4. Strain curve in conditional coordinates 0 '1 '2 é ;l g X, mm

Puc. 4. Iluarpamma nepopMupoBaHu st
B YCJIOBHBIX KOOpIMHATAX

ture was lower than that measured along the inscribed
circle and was equal to 5.23 mm. This can be attri-
buted to the fact that the test was carried out at a con-
stant active clamp speed and constant recording fre-
quency. Thus, as a consequence of strain localization
the strain rate was increased from 0.0002 s~! at the
elastic segment to 0.018 s~! at the instance preceding
destruction. Thus, Fig. 6 illustrated true strain as a
function of test time (curve /) and its derivative of
time: strain rate (curve 2) for segments of elastic plas-
tic strain (A4), hardening (B) and localization of plastic
flow (C). Respectively, the recording at the frequency
of 5 Hz allowed true strain to be resolved with a preci-
sion of 0.0036 m/m per frame at the instance preced-
ing destruction.

The true stresses were calculated using the deter-
mined diameters:

S= P/F=4P/(nd?), (10)

where P is the load during strain, d; is the sample dia-
meter during strain.

Fig. 5. Diameter measurement by inscribed circle

Puc. 5. UsmepeHue nuameTpa odpasua
10 BIIMCAHHOM OKPY>KHOCTH

As a consequence of complicated and heterogene-
ous stress strain state, occurring in the region of strain
localization [12; 13], the strain can be heterogeneous.
Therefore, the profile of transversal cross section will
differ from a circle. In order to account for eccentri-
city when calculating the surface area of transversal
cross section during strain, it is recommended that
the fields of displacement and strain on two opposite
sides be studied by four cameras calibrated as a single
system [18].

Based on test results, the strain curves in true coor-
dinates were plotted Fig. 7 shows Curve 1, based on cal-
culations, curve segment (dashed line), linearly interpo-
lated up to the points determined by Egs. (5), (6), as well
as Curve 2, plotted on the basis of longitudinal Lagrange
strain, €, as well as curve 3, calculated by actual change
in diameter during strain.

The elastic segments of loading in the strain curves
in true coordinates coincide for all calculation methods.
Differences are observed in the hardening segment.
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Fig. 6. Relative strain as a function
of test duration

Puc. 6. Jluarpamma 3aBUCUMOCTH
OTHOCHUTEJILHOI NeopMaIiuy OT BpeMeHU UCTTBITAH U ST
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Fig. 7. Strain curves in in true coordinates

Puc. 7. Auarpammbl 1echopMUpOBaHU S
B UCTUHHBIX KOOPAWHATAX

Table 2. Calculations of strain curves in true coordinates

The most common and simplest approximation
method of plastic behavior is the strain hardening ex-
ponent [19—21], Its coefficients can be also used to
describe strain hardening of material in the course of fi-
nite element simulation:

S =Kp", (11)
where K is the strength coefficient determined by the
least square method, MPa; n is the coefficient of strain
hardening determined by the least square method; p is
the true plastic strain; S'is the true stress, M Pa.

Figure 8 illustrates the hardening segments in true
stress—true plastic strain coordinates for strain curves
in true coordinates. This is obtained by calculations
(Fig. 8, a): by the field of longitudinal strains in the re-
gion of strain localization (Fig. 8, b), as well as calculat-
ing the sample diameter by means of an inscribed circle
in the coordinates of points of the highest longitudinal
strains (Fig. 8, ¢). The dashed line in Fig. 8 shows their
exponential model of approximation obtained by the
least square method on the basis of data of logarithmi-
cally linearized hardening curve. The calculated results
are summarized in Table 2.

The approximation model was determined for the
hardening segment obtained by means of calcula-
tion, but only to ultimate strength. This indicates that
it cannot be used for strains exceeding the ultimate
strength. At the same time, the methods based on DIC
systems allow true stresses to be determined as a func-
tion of true strain up to sample destruction. However,
for the more uniform control of strain in the sample
neck by optical system, the test machine needs to be
controlled by true strains or for the recoding frequency
of DIC system to be increased in proportion to strain
rate. Otherwise, the strain curves obtained by DIC sys-
tems must be supplemented by true fracture stress and

TaGauua 2. Pe3ynbraThl pacyeToB JUarpamMm ae(opMUPOBaHUSI B UCTUHHBIX KOOpAMHATAX

True fracture True fracture
Method of determination K, MPa n stress (Sp), strain (@y),
MPa %

Calculations 792 0.0518 771 25.1

By longltudlpal component ]34 0.0685 761 24.9
of strain tensor
By change 831 0.0687 762 24.9
in diameter
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Fig. 8. Hardening segments of strain curves

in true coordinates obtained by calculations (a),
by field of longitudinal strain in sample neck (b)
and by change in diameter (c)

Puc. 8. YuacTku ynpouHeHUs auarpaMM aeopMupoBaHust
B UCTUHHBIX KOOPAWHATAX, MOJyYeHHBIE pACUETHBIM
METOJIOM (@), TIO TIOJTIO TIPOIOIBHBIX AeOopMaIlnii B Ieiike
o6pa3ua (b) 1 To MIBMEHEHUIO IrMaMeTpa odpasia (c)

true fracture strain determined by calculations using
destructed sample.

Conclusions

The strain curves in true coordinates provide data
on the strain hardening of material and can be used
in the simulation and design of parts and structures
[9; 22].

The research methods of plastic flow by direct

measurement of fields of displacement and strain
allow actual regularities between true stresses and
strains at the interval of irregular plastic strain to be
established. This cannot be achieved by the analyti-
cal conversion of a conventional curve. In addition,
it should be taken into account that after neck for-
mation, the strain rate increases. This results in ad-
ditional errors in the calculation of true stresses and
strains, which at the instance of sample destruction
can reach 1.3 % with respect to the values obtained
by actual measurement of sample after destruction.
However, the calculation method of curve determina-
tion in true coordinates is simple. It does not require
additional hard- or software. True fracture stress
and true strain upon breakage determined by means
of this method can supplement the results of actual
measurements.

The selection of calculation methods of strain
curves in true coordinates is stipulated by the re-
quirement for the completeness of results, as well as
the material type. It should also be mentioned that
both methods based on the use of DIC systems pro-
vide equal amount of data, and the difference between
the results obtained in this work can be neglected (the
difference between true fracture stresses is less than
0.2 %). However, the use of the longitudinal compo-
nent of strain tensor upon analysis of anisotropic ma-
terial can lead to calculation errors. Therefore, the
preferred method is based on measurement of actual
sample diameter in the course of deformation by using
DIC systems on two sides.
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